The purpose of this work is to present an algorithm to determine the motion of a single hydrodynamic vortex on a closed surface of constant curvature and of genus greater than one. The algorithm is based on a relation between the Laplace-Beltrami Green function and the heat kernel. The algorithm is used to compute the motion of a vortex on the Bolza surface. This is the first determination of the orbits of a vortex on a closed surface of genus greater than one. The numerical results show that all the 46 vortex equilibria can be explicitly computed using the symmetries of the Bolza surface. Some of these equilibria allow for the construction of the first two examples of infinite vortex crystals on the hyperbolic disc. The following theorem is proved: 'a Weierstrass point of a hyperellitic surface of constant curvature is always a vortex equilibrium'.
Introduction
The motion of point vortices on the plane has been studied since the nineteenth century. The theory, initiated by Helmholtz, Kelvin, Kirchhoff and others, relies upon the theorems of conservation of vorticity and circulation. The study of the motion of point vortices on curved surfaces started in 1902 with Zermelo [1] , who considered vortices on a sphere embedded in R 3 . It was only at the end of the twentieth century that the equations for motion of point vortices on a general curved surface were written and begun to be investigated, although many particular examples were worked out before. Borisov et al. [1, 2] have written historical reviews on the early research on hydrodynamic vortices on surfaces and [3] , besides reviewing the subject, has an extensive bibliography.
The motion of vortices on closed surfaces of genus zero has been investigated by many authors; see, for instance, [2, 4] for vortices on Euclidean spheres, [5] for vortices on surfaces of revolution and for an interesting procedure to find Green's function on closed surfaces of genus zero, [6, 7] for vortices on flat tori and [8, 9] for vortices on tori of revolution. Most of these works deal with the interaction between point vortices. Two of these papers [5, 8] study the effects of the variation of the curvature: on the dynamics of pairs of vortices [8] and on the stability of equilibria of systems of vortices [5] . The interaction of a single vortex with the underlying geometry and with the constant background vorticity is studied in [5] (see appendix B) and in [3] . A single point vortex in a bounded domain in the Euclidean plane interacts with the boundary, or with an 'image vortex', and moves. Similarly a vortex on a curved surface interacts with the underlying geometry and moves. As a single vortex does not move: on the round sphere, on any flat torus, on the Euclidean plane or on the hyperbolic disc, the interaction of the vortex with the geometry could be thought to depend on the variation of the curvature rather than on the curvature itself, as claimed in the last sentence of the fourth paragraph of the very good paper by Dritschel & Boatto [5] : 'In the absence of boundaries, the Robin function plays a role only on surfaces of variable curvature' (this is true for closed surfaces of genus zero, the focus of [5] ). In this context, the main contribution of this paper is to show that the topology of the closed surface, a global property, plays an important role in the interaction of the vortex with the underlying geometry and with the constant background vorticity: a single vortex can move even if the curvature is constant but the genus has to be greater than one (this result was first conjectured by Boatto & Koiller [3] ( §4.2)).
Closed surfaces of constant negative curvature have been intensively studied within the physics community in spite of the fact that they cannot be realized (isometrically immersed) in R 3 (see [10] Ch. 5 Th. 12). The reason for this is that the inertial motion of a massive particle in a surface of this kind, although extremely chaotic, can be mathematically described in simple terms. Thus the system has been used as a model for studies in statistical mechanics and ergodic theory [11] and classical and quantum mechanics [12, 13] . Euler's equation of hydrodynamics describes the collective inertial motion of fluid particles under the sole constraint of incompressibility, so it is reasonable to expect that surfaces of constant negative curvature may be as important in hydrodynamics as they are in the theory of mechanical systems (see, for instance, [14] , section V4D, for a dynamo construction).
The aim of this paper is to present a numerical algorithm for the computation of the motion of one vortex on closed surfaces of constant negative curvature. The algorithm is used to compute the motion of a vortex on the Bolza surface [15] , the simplest possible surface of constant negative curvature, having the least genus equal to two and also the most symmetrical fundamental domain. The symmetries of the surface are important to reduce the time of computation and to check the accuracy of the code, because the computed solutions must manifest the symmetries.
The paper is organized as follows. Section 2 contains the background material and the algorithm for the computation of vortex motion. Section 3 contains basic results on symmetries and involutions, with their implications for the existence of equilibria for vortex motion, and a theorem that relates the so-called Weierstrass points of a hyperelliptic surface of constant curvature to vortex equilibria. In §4, the algorithm of §2 and the results in §3 are applied to the Bolza surface. The figures in §4 show the phase portrait of the vortex motion; they represent and summarize the main contributions of this paper. Finally, in §5 some questions are presented and the results in the paper are used to construct the first two examples of infinite steady vortex crystals (vortex patterns that move without change of shape or size [16] ) on the hyperbolic disc.
2. An algorithm to compute the equations of motion of a single vortex on a compact surface of constant negative curvature solutions to Euler's equations). In this paper, we are only interested in the motion of a single vortex on a closed surface, hence only the equation for this special case will be presented. Let S be a closed Riemannian surface and μ be the area form associated with the metric on S. The Dirac δ p -function on S is the linear functional on the space of smooth two-forms such that: S δ p μ = 1 and, for any smooth function h on S, S δ p hμ = h(p). The total area of S is denoted by A. If stands for the Laplace-Beltrami operator on S, then the stream function of the vortex at p is the function q → G(q, p), which is symmetric, G(q, p) = G(p, q), and satisfies the equation
The function G is the usual Green's function of Riemannian geometry; it is unique after the normalization S G(q, p)μ(q) = 0 (see [19] , theorem 4.13) . The motion of a single vortex in S is determined by the Robin function, the desingularization of Green's function,
where (q, p) is the Riemannian distance between q and p. If the Riemannian metric is infinitely many times differentiable, then so is the Robin function (see [18] theorem 5.1). The vortex moves according to the Hamiltonian velocity field X that is intrinsically given by 6.4) , where i X μ is the interior product. In coordinates (x, y), if the Riemannian metric is given by λ 2 (x, y)(dx 2 + dy 2 ), then μ = λ 2 dx ∧ dy and the equations for the motion of the vortex become
This equation shows that the trajectories of the vortex are the level sets of the Robin function.
Owing to the uniformization theorem of Riemann surfaces, any Riemannian torus is conformally equivalent to the quotient R 2 /Λ of the Euclidean plane R 2 by a discrete group of translations Λ. In the same way, any closed Riemannian surface S of genus g greater than one is conformally equivalent to the quotient H/Γ of the Poincaré disc H by a group Γ of Möbius transformations acting discontinuously on H. Any element γ of Γ is of the form
where a and b are complex numbers. The group Γ has a finite set of 2g generators γ 1 , . . . , γ 2g and any element γ can be written as a finite composition of these generators. We assume that S has a metric of constant curvature −1, so S and H/Γ are isometric. For some z 0 ∈ H, let
be a fundamental domain for Γ (see [20] theorem 4.2.1). Every point in H is equivalent under the action of Γ to a point z in the closure of F, whereas no two points of F are equivalent. Therefore any two different points in S can always be represented by two points in the closure of F, and it is always possible to find an F where both points are in the interior of F. So, by an abuse of notation, we identify S, and also H/Γ , with a fundamental domain of Γ and write z ∈ S for z ∈ F ⊂ H.
In the case of a torus, R 2 /Λ, the fundamental domain of the discrete group of translations Λ is a parallelogram. The heat equation is a crucial ingredient in our derivation of the equations of motion for a vortex. To motivate the introduction of the heat equation, we first discuss a natural construction that may be used to study the motion of one vortex on a flat torus. The norm of the velocity field of a vortex on the Euclidean plane decays as 1/r, where r is the distance from a point to the vortex. A vortex on the flat torus R 2 /Λ can be understood as a vortex on a fundamental domain of Λ plus all of its translations by the elements of Λ (the 'image vortices'). The sum of the velocity field of
all image vortices does not converge; the constant background vorticity must be added. At large distances the velocity field of a patch of uniform vorticity spread over a fundamental domain also decays as 1/r, and it cancels out the 1/r decay of the point vortex. This allows for the definition of a sum over the elements of Λ that converges and eventually gives the vector field of a vortex on the flat torus R 2 /Λ (this argument, due to Weierstrass, is used to construct elliptic functions; see [21] ch. 7 .3 for details). The construction is delicate because it depends on the cancellation of the far velocity fields of the vortex and of the patch of background vorticity. Now, consider the heat equation on the flat torus R 2 /Λ. A Dirac δ-function on the flat torus is represented by a δ-function on a fundamental domain plus all of its translations by the elements of Λ. If the initial temperature on R 2 /Λ is a δ p -function, then the evolution of the temperature is given by the heat kernel on R 2 centred at p plus all of its translations (images) by the elements of Λ. Differently from the case of the sum of vortices, the sum of heat kernels has a fast convergence rate because the heat kernel on R 2 has Gaussian decay e −r 2 /t with the distance r. So, even on the flat torus it is much easier to compute the heat kernel than the vortex Green's function. As we will see below, Green's function for the Laplace-Beltrami operator can be obtained from time integration of the heat kernel [22] .
The idea of constructing a vortex on R 2 /Λ using a vortex on a fundamental domain and all of its translations by the elements of Λ can also be repeated on a surface of constant curvature H/Γ of genus greater than one. It leads to the formula in equation (4.7) in [3] , namely 6) where G H is Green's function of the Laplace-Beltrami operator on H. The first term on the righthand side of the equation represents the potential of a point vortex at a γ -translation of w and the second term represents the potential due to a patch of uniform background vorticity spread over a γ -translation of a fundamental domain of Γ . It is not clear that this series converges; indeed it does not converge absolutely for the following reason. Let (z, w) be the hyperbolic distance of z and w in H. For some constantĉ > 0 and for large, G H (z, γ w) decays asĉ e − (z,γ w) . The integral term in the above sum also has an exponential decay of the form c e − but the subtraction of these two terms does not cancel out. Therefore, for large, each term in the sum is proportional to e − and the number of γ 's such that n < (z, γ w) < n + 1 is proportional to e n , so the sum does not converge absolutely. It might be that the series converges under some special rearrangement or after some modification. Therefore, we conclude that expression (4.7) in [3] is not suitable for the computation of G and we are forced to consider the analogous sum for the heat kernel. The construction of the heat kernel on H/Γ will require some preliminaries about the heat kernel on H. Following [22] , let
be the heat kernel on H, where = (z, w) denotes the hyperbolic distance between z ∈ H and w ∈ H. The heat kernel is strictly positive, satisfies the heat equation
For all t > 0 and > 0, the heat kernel on H satisfies the following bounds ([23] theorem 5.7.2):
where c > 0 is a constant and 
The heat kernel K(t, z, w) on S is obtained by averaging
This satisfies the heat equation
To compute the above sum, it is convenient to define the sets
and write
The number of elements γ in D n , denoted as |D n |, increases exponentially with n [22] . For a given t > 0, the convergence of the sum in equation (2.11) is ensured by the upper bound in equation (2.9), which implies K H (t, ) <ĉ exp(− 2 /4t) when (z, γ w) is large for some constant c > 0. The heat kernel K admits the following alternative spectral representation. Let 0 = λ 0 > λ 1 > λ 2 , . . . be the eigenvalues of the Laplace-Beltrami operator on H/Γ . Let φ nl : H/Γ → R, l = 1, . . . , m n , be the eigenfunctions corresponding to the eigenvalue λ n , namely φ nl = λ n φ nl . The eigenfunctions are supposed to be orthonormal, λ 0 = 0 has multiplicity one and 
Equation (2.14) implies
So, from equations (2.2), (2.14) and (2.10),
where
The function Φ admits two different representations. From equation (2.13) 
No result in this section so far is new, as most of the results are taken from [22] . The contribution given in this paper starts here. The computation of the motion of a vortex requires the derivative of the Robin function that, from equation (2.15) , is given by
The differential of Φ can be written according to either equation (2.17)
where we have used that
, it is convenient to multiply and divide the integrand of equation (2.7) by sinh u and integrate by parts to obtain
The derivative of this expression with respect to r is
The computation of the differential of (z, γ z) is done in the following way. The hyperbolic distance is given by
where p(z, w) is the pseudo-hyperbolic distance andw denotes the complex conjugate of w. So,
The pseudo-hyperbolic distance satisfies p(z, w) = p(w, z) and p(γ z, γ w) = p(z, w), which imply dp(z, 
It is easier to compute the real differential d z p(z, w) using complex coordinates
where Re z denotes the real part of z. Finally the combination of the above expressions gives 
be an approximation to dΦ(t, z, z) as given in equation (2.25). The difference dΦ(t, z, z) − dΦ n (t, z, z) is negligible as far as t n. This is a consequence of the bounds (2.9) on K H (see, for instance, [23] corollary 5.7.3) . So, in the integral dR(z) = ∞ 0 dΦ(t, z, z) dt, dΦ is well approximated by dΦ n as far as 0 < t ≤ T, for some T n sufficiently small. For t > T and according to equation (2.12) 27) where, as in equation (2.25),
2 Note that 
An important point is that the functions (a j1 (z), a j2 (z)), which could be obtained from the eigenfunctions, can be computed using only the knowledge of both the eigenvalues λ j and the differential dΦ n (t, z, z) for t ∈ (0, T]. As argued above, there is T > 0 such that, for t in some small interval [T − , T], > 0, the differential dΦ(t, z, z) is well approximated by both dΦ n (t, z, z) and dΦ m (t, z, z) . So, except for a negligible error, we can assume that dΦ n (t, z, z) = dΦ m (t, z, z) for t ∈ [T − , T]. If we write dΦ n (t, z, z) = f 1 (t, z) dx + f 2 (t, z) dy, then from equation (2.26) and for
The solution to this linear system of equations, which always exists because
If |λ 1 | |λ m | and m is large then the system is ill-conditioned. In this case, other procedures for the fit of (a j1 (z), a j2 (z)) may be tried. In summary, the algorithm to compute the motion of a vortex on a closed surface is as follows. If the initial choices of n and m are sufficiently large, then steps (S1) and (S2) may be performed only once; all subsequent choices of n and m will be smaller.
Symmetries and involutions
An orientation-preserving (orientation-reversing) symmetry of S is a diffeomorphism onto S that preserves the Riemannian metric and preserves (reverses) the orientation. The velocity field X for the motion of one vortex in S is defined by i X μ = d(R/2), equation (2.3). So X is determined by the Robin function R and the area form μ. An orientation-preserving symmetry σ preserves the area form σ * μ = μ, while an orientation-reversing symmetry σ changes the sign of the area form σ * μ = −μ. A symmetry σ , orientation preserving or not, preserves Green's function G(σ q, σ p) = G(q, p); 3 therefore, symmetries preserve the Robin function, R • σ = R. Finally, the identity σ * i X μ = i σ * X σ * μ = σ * dR = dσ * R implies that σ * X is invariant, σ * X = X, if σ is an orientation-preserving symmetry, and is time reversed, σ * X = −X, if σ is an orientation-reversing symmetry.
An involution σ : S → S is a diffeomorphism such that its inverse is equal to itself, σ • σ =id. Suppose that S has constant curvature −1 and σ is an involution of S with a fixed point. Then there is a lift of σ to H (by an abuse of notation still denoted as σ ) such that σ has a fixed point.
Proposition 3.1. Let σ be a symmetry of S = H/Γ such that σ is an involution and has a fixed point. If σ is orientation preserving, then σ is either the identity map or it has the form
bz +ā with |a| 2 − |b| 2 = 1 and a = ±i|a|.
Moreover, if the fixed point is at z = 0 and σ is not the identity, then σ (z) = −z. If σ is orientation reversing, then σ is of the form
Moreover, if the fixed point is at z = 0, then σ (z) = e iθz for some θ ∈ [0, 2π ).
The proof of the proposition consists of simple computations after we realize that, as σ is an isometry of (H, 2/(1 − |z| 2 )|dz|), σ is a Möbius transformation (the complex conjugate of a Möbius transformation) if σ is orientation preserving (orientation reversing). 
Theorem 3.2. (a) Let σ be an involutive orientation-preserving symmetry of S = H/Γ that is not the identity. Suppose that σ has a fixed point p. Then p is a singularity of the vortex velocity field, X(p)
=
Proof. Let h : H → H be a Möbius transformation such that h(p) = 0. Then h defines an isometry from S = H/Γ toS
defines an involutive symmetry ofS with σ (0) = 0. So, without loss of generality, we can assume p = 0.
Case (a). As σ is not the identity, proposition 3.1 implies thatσ (z) = −z. The Robin function is invariant under symmetries; therefore,
Case (b). As σ 1 and σ 2 are orientation reversing, σ * 1 X(0) = Dσ −1 1 (0)X(σ 1 (0)) = Dσ 1 (0)X(0) = −X(0) and Dσ 2 (0)X(0) = −X(0). By proposition 3.1 σ 1 (z) = e iθ 1z and σ 2 (z) = e iθ 2z with θ 1 = θ 2 because σ 1 = σ 2 , so the one-dimensional eigenspaces of Dσ 1 (0) and Dσ 2 (0) associated with the eigenvalue −1 are transversal, which implies X(0) = 0.
The next theorem requires some definitions. Let S be a closed surface of genus g ≥ 2. The set of Weierstrass points on S consists of all points p such that S admits a meromorphic function with a single pole of order less than g + 1 at p. The surface S is called hyperelliptic if it has precisely 2g + 2 Weierstrass points. Any closed Riemann surface of genus two is hyperelliptic. Proposition III. 7.9 in [25] and its corollaries can be stated as follows. 3 The proof of G(σ q, σ p) = G(q, p) can be made in the following way. Equation (2.1) implies that G is the unique symmetric function, G (q, p) = G(p, q) , that satisfies S G(q, p)μ(q) = 0 and such that, for any smooth function φ on S,
Using that σ commutes with the Laplace-Beltrami operator, it can be shown that the integral identity above is true after changing G(q, p) to G(σ q, σ p) . 
The hyperbolic lengths of the segments a and b, which are geodesic arcs, are (a) = 2arctanhE(a) and (b) = 2arctanhE(b) (see [12] , figure 16 , for more details). The conformal involution z → −z is a symmetry of F that fixes the six points in S represented by small balls in the figure. Therefore, z → −z is the hyperelliptic involution (proposition 3.3 ) and the six points in F correspond to the six Weierstrass points of S. Suppose that S is hyperelliptic and has constant curvature −1. The hyperelliptic involution J has a fixed point and can be lifted to a conformal involution of H with a fixed point. As the lift is conformal, it is a Möbius transformation that preserves the metric 2/(1 − |z| 2 )|dz| on H. So the hyperelliptic involution is an orientation-preserving symmetry of the Riemannian surface S of constant curvature −1 and theorem 3.2 implies the following.
Theorem 3.4. Let S be a closed hyperelliptic surface of genus g ≥ 2 and constant curvature. Every Weierstrass point of S is an equilibrium of the equations of motion of a single vortex on S.

The Bolza surface
The Bolza surface [15] to be used in this paper, and denoted by S, is the closed surface of genus two and constant curvature −1 obtained from the quotient of the Poincaré disc H by the group of isometries Γ generated by (see, for instance, [12] and
The Bolza surface has additional symmetries, two of them given by
, where
1/2 and
Each map β j , j = 1, 2, is a reflection with respect to the circle of radius 1/|b j | centred at ia j /|b j |; see figures 2 and 3. It is possible to show that the Bolza surface is invariant under a group of 96 symmetries (48 are orientation preserving) successively composing β 1 , β 2 and each of the 16 symmetries (eight rotations and eight reflections) presented above. The triangle C in figure 3 is a fundamental domain for the full group of symmetries of S. Each of the 96 symmetries of S maps the triangle C onto a triangle of a set of 96 triangles (one for each symmetry); this set tessellates the fundamental domain F. In this way, the geodesic triangle in figure 1 is divided into six triangles, as shown in figure 4 . In the following, the algorithm given in §2 is applied to the Bolza surface. The elements of the group Γ in D n = {γ ∈ Γ : (0, γ 0) < n}, n = 1, 2, . . ., were computed up to n = 12; see table 1 . The first eigenvalues of the Laplace-Beltrami operator acting on the Bolza surface were numerically computed by several authors. We used those by Strohmaier & Uski [26] , who with a rigorous figure 2 , the arc indicated as 'inv' is invariant under the symmetry β 1 . The three triangles marked with C, D and E are contained in triangle A in figure 2; they are mapped by β 1 onto C , D and E , respectively. Each one of the six triangles in the figure is a fundamental domain of the full group of 96 symmetries of S. β 2 maps the triangle C onto D, as in figure 3 , and an orientation-preserving symmetry σ 1 maps C onto E (σ 1 maps the point in C marked with a ball (triangle) to the point in E marked with a hexagon (star) and leaves invariant the point marked with a square). β 1 maps the two points represented by balls (triangles, squares) into each other and leaves invariant the points marked with a hexagon and a star. The coordinates of all points marked in the figure can be obtained using the information in figures 1, 2 and 3 and the expression for β 1 in equation (4.1). scheme were able to compute the eigenvalues within a given precision. The eigenvalues in table 2 were taken from [27] . The next step in the algorithm is to choose n, m and T; see end of §2, steps (S3) and (S4). The constant m was chosen equal to 3; namely, only the first three eigenvalues λ 1 , λ 2 and λ 3 in table 2 were used in the computations. The large difference between λ 3 and λ 4 (the largest among those between neighbouring eigenvalues in table 2) helps to improve the approximation dΦ(t, z, z) ≈ dΦ 3 (t, z, z). After some trials the value of T was chosen equal to 1.1. The value of , used to find the t k in the interpolation equations (2.30), was chosen equal to 10 −2 . A comparison between the two components of dΦ n (t, z, z) and dΦ 3 (t, z, z) for two values of z and for several values of n is shown in figure 5 . The values m = 3, T = 1.1 and = 10 −2 were kept fixed as z varied. The value of n varied: for |z| < 0.4, n = 9 was used, and for 0.4 < |z| < 0.75, n = 11 was used. We were not able to compute dR(z) accurately for |z| > 0.75 even by increasing n. Because of the symmetries, computations for |z| > 0.75 are not necessary.
To compute dR(z), as given in equations (2.27)-(2.29), it is necessary to perform time integrations in the interval (0, T). These integrations were done using a Gauss-Legendre quadrature method with 64 points. The time integration of the equations of motion given in equation (2.4) was done using a fourth-order Runge-Kutta method with a fixed time step. All the routines used in the code were written by this author using a Fortran 77 programming language. The orbits of a single vortex on the Bolza surface are shown in figures 6-8.
The accuracy of the numerical method presented in this paper cannot be easily checked. Some standard routines used in the algorithm, for instance Gaussian quadrature and the Runge-Kutta method, were calibrated by taking an increasing number of points in the discretization. The correspond to the values of n used to compute dΦ n and the label 'exp' indicates the component of dΦ 3 . Note that: all dΦ n (t, z, z), n = 9, 10, 11, 12, coincide for 0 < t ≤ 1.3; all dΦ n (t, z, z) coincide also with dΦ 3 (t, z, z) for 1.1 ≤ t ≤ 1.3; and within the range 1.3 < t < 3 the approximation of dΦ 3 (t, z, z) by dΦ n (t, z, z) becomes better as n increases. (Online version in colour.)
calibration of the parameters n, m and T, in step (S4) of the algorithm, is not as easy. For the Bolza surface the choice of these parameters depends on z and was done by means of the variation of n, m and T and the inspection of figures like figure 5. If |z| is close to one, then it is impossible to perform the calibration. The symmetries of the Bolza surface allow for a verification of the correctness of the numerical results as follows. Each orbit of the vortex in the green region of figure 6 was computed using the algorithm in the paper. If the computation were correct, then each orbit should be mapped onto itself by the symmetry β 1 given in equation (4.1). So, a measure of precision of the computation is the difference between the orbit and its image by the map β 1 . A comparison of this difference over the axis y = 0 is presented in figure 9 .
As shown in figures 6 and 7, the set of equilibria of the motion coincides with the set of 46 vertices of the triangulation defined by the full symmetry group of the Bolza surface, which also coincides with those equilibria imposed by theorem 3.2. As it is possible to compute the coordinates of all these vertices, the coordinates of the 46 equilibria of X can be explicitly determined. Note that all the Weierstrass points are stable equilibria.
Discussion
The algorithm presented here is a first step in the understanding of vortex motion in closed surfaces of constant negative curvature. It is very difficult to develop a theory without having any clue from solved problems or examples. Inspection of figure 8 and the verification that all Weierstrass points of the Bolza surface are equilibria lead us to theorem 3.4 figure 1 . The fundamental domains of the full group of symmetries shown in figure 4 are also shown in this figure. The orientation of the orbits close to the origin is that indicated by the arrow in figure 4 , namely a vortex goes counterclockwise around the origin; the orientation of all other orbits can be determined by continuity. Note that the equilibria are exactly the points marked in figure 4 . Different colours indicate different domains of periodicity (domains foliated by periodic orbits). The boundary of a domain of periodicity is composed of the union of saddle points and saddle connections. . If the computation were precise, then the error would be zero. For most orbits represented in the figure error/x is about 10 −3 . The error increases near the point x = 0.36 because the segment of orbit that starts near x = 0.36 gets close to three hyperbolic equilibria, where the numerical integration is less precise.
Bolza surface H/Γ . This vortex, represented on a fundamental domain of Γ (the seed of the vortex crystal), and all of its image vortices on H form an infinite steady vortex crystal in the presence of a uniform background vorticity. Now, consider the fundamental domain shown in figure 1 and a positive unit vortex at the vertex of the octagon, which is a Weierstrass point. By symmetry, the (positive) vortex crystal
generated by this seed is steady and gives rise to a velocity field that has the centre of the octagon as an equilibrium point. Consider a second (negative) vortex crystal generated by a negative unit vortex at the centre of the octagon. Claim: the vertex of the octagon is an equilibrium of the velocity field produced by this second negative vortex crystal. Indeed, the map β 1 maps the centre to a vertex of the octagon; see figures 2 and 4. Therefore, β 1 maps the vortex crystal with the seed at the centre of the octagon to a vortex crystal with a seed at the vertex of the octagon, which proves the claim. Finally, the sum of the positive and the negative steady vortex crystals is also a steady vortex crystal, because each one is placed at an equilibrium point of the other. Therefore, using the results obtained for a single vortex on the Bolza surface, we were able to construct two steady vortex crystals on H: the first composed by infinitely many positive point vortices over a background of uniform negative vorticity and the second composed by infinitely many positive vortices, infinitely many negative vortices and no background vorticity. The patterns generated by these vortex crystals can be obtained from the pattern of equilibrium points in figure 8 . These are the first examples of infinite vortex crystals on the hyperbolic disc (see [16] sections X-f and XI).
Finally, it seems that, in the same way the heat kernel was used to construct the differential of the Robin function, it can be used to construct the velocity field of a point vortex on a closed surface of constant negative curvature. This would provide a way to study the interaction of two vortices on a closed surface of genus two, a subject not addressed yet. 
